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111 experiments  w i t h  a homopolar d e v i c e  Fahleson h a s  observcd t h a t  

f o r  I O U  values of t h e  d i s c h a r g e  c u r r e n t  t h e  v o l t a g e  drop  across t h e  

plasma i s  p r o p o r t i o n a l  t o  t h e  magnetic f i e l d  and independent of t h e  

c u r r e n t  and p r e s s u r e ,  

ctic energy f o r  t h e  i o n s  e q u a l  t o  t h e  i o n i z a t i o n  p o t e n t i a l  of t h e  gas. 

The r o t a t i o n a l  v e l o c i t y  cor responds  t o  a k in-  
o 

These experiments  have been analyzed u s i n g  a s t e a d y - s t a t e  continuum model 

of t h e  f low i n  which t h e  bulk of t h e  gas r o t a t e s  a t  a uniform v e l o c i t y  

and t h e  c u r r e n t  is  conf ined  t o  t h i n  I!clrtniann boundary layers on tlic end- 

wal l s .  The v n l t a g e  d r v p  has been c a l c u l a t e d  a s  a f u n c t i o n  of c u r r e n t ,  

p r e s s u r e ,  magnct ic  f i e l d ,  and a t o i i c  s p e c i e s .  The dependence on these 

pararneters is i n  good agreemci1t with t h e  measurements ur.dcr all coridi- 

tians, w h i l e  the magnitude of t h e  v o l t a g e  i s  g e n e r a l l y  smallcr t h a n  

the observed v a l u e  by a f a c t o r  of two. 
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1. INTRODUCTION 

Since  t h e  homopolar experiments of Fahleson and h i s  co-workers 192 , 
t h e r e  has been c o n s i d e r a b l e  i n t e r e s t  i n  t h e  l i m i t i n g  v o l t a g e  observed 

i n  t h e s e  r o t a t i n g  plasma experiments.  I n  t h e  homopolar d e v i c e  a test 

gas is conf ined  i n  t h e  a n n u l a r  space between two c o a x i a l  e l e c t r o d e s  i n  

an ax ia l  magnetic f i e l d .  The gas is s imul taneous ly  ion ized  and set  

i n t o  r o t a t i o n  by t h e  d i s c h a r g e  of a c a p c i t o r  bank a c r o s s  t h e  e l e c t r o d e  

gap and t h e  i n t e r a c t i o n  between t h e  r a d i a l  c u r r e n t  and t h e  a x i a l  mag- 

n e t i c  f i e l d .  

I n  Fahleson ' s  experiments  t h e  c u r r e n t  was l i m i t e d  by a series 

r e s i s t o r  and t h e  magnet ic  f i e l d  was g i v e n  a m i r r o r  c o n f i g u r a t i o n  t o  

p r o t e c t  t h e  end-walls. During t h e  d i s c h a r g e  t h e  vol taRe was r e l a t i v e l y  

c o n s t a n t  for about  60 y sec. and t h e  c u r r e n t  decayed by a f a c t o r  of 

0 

two o r  t h r e e  i n  t h e  sane p e r i o d ,  For c u r r e n t s  below a fcw kA , de- 

pending on t h e  p r e s s u r e ,  i t  was observed t h a t  t h e  v o l t a g e  was i n s e n s i t i v e  , 

t o  v a r i a t i o n s  i n  c u r r e n t  and gas p r e s s u r e ,  and d i r e c t l y  p r o p o r t i o n a l  

t o  t h e  magnet ic  f i e l d  s t r e n g t h .  The r o t a t i o n a l  v e l o c i t y ,  c a l c u l a t e d  

from t h e  v o l t a e e ,  magnetic f i e l d  s t r e n g t h ,  3nd e l e c t r o d e  spac ing ,  g i v e s  

a k i n e t i c  energy f o r  t h e  i o n s  approximately e q u a l  t o  t h e  i o n i z a t i o n  

p o t e n t i a l  of t h e  gas. Doppler s h i f t  measurements, ob ta ined  by r e v e r s i n g  

t h e  magnet ic  f i e l d ,  were c o n s i s t e n t  w i t h  t h e s e  r o t a t i o n a l  v e l o c i t i e s .  

In a d d i t i o n  t h e  l a c k  of v a r i a t i o n  of t h e  v e l o c i t y  wlien t h e  e l e c t r o d e  

r a d i i  were cilatlged i n d i c a t e s  t h a t  t h e  r o t a t i o n a l  v e l o c i t y  was c o n s t a n t  

over  n:ost of the volume. T h i s  " i o n i z a t i o n  v e l o c i t y ' '  has been ob- 
,-. L 

D2,  H e ,  li2, 02, and A i n  t h e s e  experiments  , t h e  v e l o c i t y  
2 9  

servcd i n  EI 

b e i n g  based i n  a l l  cases cn t h e  atomic ion .  The same l i m i t i n g  v e l o c i t y  



-3- 

has been observed i n  r e c t i l i n e a r  plasma a c c e l e r a t o r s 3  '', w h i l e  h i g h e r  

l i m i t i n g  v e l o c i t i e s  have been observed i n  o t h e r  t y p e s  of r o t a t i n g  p lasma 

5,6 exper i n e n t  s . 
/ 7  Alfven has i n t e r p r e t e d  Fahleson ' s  r e s u l t s  i n  terins of a s t r o n g  

i o n i z i n g  i n t e r a c t i o n  which, it i s  proposed, t a k e s  p l a c e  whenever a 

n e u t r a l  g a s  moves through a plasma i n  a magnetic f i e l d  a t  t h e  above 

" i o n i z a t i o n  v e l o c i t y . "  

o b s e r v a t i o n s ,  however, w a s  t h a t  of Lin . L i n ' s  model is  t h a t  of a 

quas i - s teady  s ta te  f ree-molecular  flow i n  which t h e  l o g a r i t h m i c  ra tes  df  

change of t h e  plasma v e l o c i t y  and tempera ture  are sma l l  compared t o  t h e  

l o g a r i t h m i c  rate of change of t h e  plasma d e n s i t y .  The i n s t a n t a n e o u s  

f l o w  of energy i n t o  t h e  plasma goes i n t o  i o n i z a t i o n  and a c c e l e r a t i o n  of 

the gas, r a d i a t i o n  t o  t h e  w a l l s ,  and l o s s  of p a r t i c l e s  t o  t h e  w a l l s .  

The f i r s t  comprehensive a n a l y s i s  of t h e s e  

8 

I to t a t ion  and h e a t i n g  of t h e  n e u t r a l  atoms i s  neg lec t ed  and t h e  plasma 

i s  assumed t o  be s p a t i a l l y  homogenebus. 

e l e c t r o n  impact  and t h e  e l e c t r o n s ,  because of t h e i r  ve ry  l a r g e  I I a l l  

parameter, are  i n  t u r n  hea ted  by e l a s t i c  c o l l i s i o n s  w i t h  t h e  i o n s  

r a t h e r  than  d i r e c t l y  by t h e  e lectr ic  f i e l d .  

r o t a t i o n a l  v e l o c i t y  t h a t  is i n  excess  of t h e  " i o n i z a t i o n  v e l o c i t y "  by an 

amount depending on t h e  the rma l  energy of t h e  plasma and t h e  magnitude 

of t h e  r a d i a t i o n  loss. Hy vary ing  the degree  of i o n i z a t i o n  a t  f i x e d  

I o n i z a t i o n  is  produced by 

L i n ' s  t heo ry  p r e d i c t s  a 

c u r r c n t  t o  f i n d  t h e  minimum a t t a i n a b l e  v o l t a g e ,  a curve  of v o l t a g e  VS. 

c u r r e n t  i s  ob ta ined  which has  a form t h a t  is  i n  good agreement w i t h  t h e  

exper in ien ta l  one. The l e v e l  of t h e  c o n s t a n t  v o l t a g e  va r i e s  from s l i g h t l y  

above the observed v a l u e  t o  more than  50Z i n  excess  of t h i s  v a l u e  as ' 

the gas is v a r i e d  from optically t h i c k  t o  o p t i c a l l y  t h i n  t o  l i n e  
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r a d i a t i o n .  

resul ts  u s i n g  t h e  c o n s e r v a t i o n  equa t ions  f o r  t h e  d i f f e r e n t  s p e c i e s  and 

b!ore r e c e n t l y  Hassang h a s  ob ta ined  a p o r t i o n  of L in ' s  

ne ,g l ec t ing  l o s s e s ,  

Another e x p l a n a t i o n  of Fahlcson ' s  resul ts  h a s  been proposed by 

Dobryshevski i  and extended by Lehnert". Dobryshcvskii  c o n s i d e r s  'the 

h e a t i n g  of an  e l e c t r o n  moving through a s t a t i o n a r y  n e u t r a l  g a s  a t  a n  

1 0  

E / B  d r i f t  v e l o c i t y  of t h e  o rde r  of t h e  " i o n i z a t i o n  ve loc i ty . "  H e  

shows t h a t  most of t h i s  h e a t i n g  would cone from t h e  t r a n s v e r s e  e lectr ic  

f i e l d  r a t h e r  t h a n  Coulomb c o l l i s i o n s  w i t h  t h e  i o n s  provided t h a t  t h e  i o n  

the rma l  energy is l e s s ' t h a n  t h e  d r i f t  eriaray and t h e  degree  of i o n i z a t i o n  

i s  n o t  t o o  l a r g e .  The a n a l y s e s  i n  Refs. 1 0  and 11 u s e  a s t e a d y - s t a t e  

continuum model i n  which t h e  n e u t r a l  g a s  i s  S t a t i o n a r y  and t h e  d i r e c t  

h e a t i n g  of t h e  e l e c t r o n s  by t h e  e lec t r ic  f i e l d  i s  balanced by c o l l i s -  

ional l o s s e s .  The e l e c t r o n  tempera ture  i s  determined through t h c  ba l ance  

between volume i o n i z a t i o n  and ambipolar d i f f u s i o n  a long  t h e  magnetic 

f i e l d  t o  t h e  end-walls. The v o l t a g e  ob ta ined  from these a n a l y s e s  i s  

d i r e c t l y  p r o p o r t i o n a l  t o  t h e  magnetic f i e l d ;  however, i t  i s  a l s o  a 

s t r o n g  f u n c t i o n  of p re s su re .  Over most of t h e  p r e s s u r e  range  covered i n  

t h e  exper iments  t h e  v o l t a g e  obta ined  by Lehner t  i s  well above t h e  ob- 

s e r v e d  va lue .  

a I n  Fig.  1 t h e  n e t  mean f r e e  path A f o r  a n e u t r a l  atom tnoving a t  

t h e  " i o n i z a t i o n  v e l o c i t y "  through d i s s o c i a t e d  I1 is g iven  as  

R f u n c t i o n  of p r e s s u r e  p and degree of i o n i z a t i o n  a . The s t r o n g  

decrease.  i n  X 

c h a r g e  exchange w i t h  t h e  ions .  

ranged from 1 0  t o  150 p Hg. and a t y p i c a l  dimension of t h e  a n n u l a r  

and P: 2 2 
0 

a w i t h  i n c r e a s i n g  a is due t o  t h e  l a r g c  c r o s s - s e c t i o n  f o r  

In Fa l i leson ' s  exper iments  t h e  p r e s s u r e  
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t e s t  chamber was of t h e  o r d e r  of 1 0  cm. Thus f i g .  1 shows t h a t ,  except  f o r  

t h e  lowes t  v a l u e s - o f  p and a ,  X was a t  l ea s t  a f a c t o r  of t e n  smaller t h a n  0 a 

t h e  dimensions of t h e  device .  A few s imple  c a l c u l a t i o n s  s u f f i c e  t o  show t h a t  

Xa was l a r g e r  t han  any of t h e ' o t h e r  r e l e v a n t  mean f r e e  pa ths .  

t h e r e f o r e ,  t h a t  a continuum a n a l y s i s  would be more a p p r o p r i a t e  t o  t h e  

It i s  l i k e l y ,  

expe r imen ta l  c u n d i t i o n s . t h a n  a free-molecular one. The q u e s t i o n  of whether o r  

no t  t h e r e  was a l a r g e  s l i p  between t h e  atoms and t h e  i o n s  is  a more d i f f i c u l t  . 

one as i t  concerns  t h e  t r a n s i t i o n  range of f low i n t e r m e d i a t e  between 

f ree-molecule  and continuurn flow. Never the less ,  under t h e  nea r  continuum 

c o n d i t i o n s  of the exper iments  i t  seems u n l i k e l y  t h a t  t h e r e  c o u l d  have. been 

s u b s t a n t i a l  s l i p  between t h e  atoms and t h e  ions .  From t h i s  p o i n t  of view . 

t h e r e  is a n  i n c o n s i s t e n c y  i n  Dobryshevski i ' s  model. 

ambipolar d i f f u s i o n  of charged par t ic les  a long  t h e  magnetic f i e l d  i s  compat ib le  

w i t h  a l a r g e  s l i p  between t h e  charged p a r t i c l e s  and t h e  n e u t r a l  atoms per -  

It is  d o u b t f u l  t h a t  

0 

p e n d i c u l a r  t o  t h e  f i e l d .  

During t h e  c o n s t a n t  v o l t s g e  p o r t i o n  of t h e  d i s c h a r g e  t i m e ,  t h e  energy . 

f ed  i n t o  t h e  gas i n  a t y p i c a l  r u n  vas s u b s t a n t i a l l y  g r e a t e r  than  that 

r e q u i r e d  t o  comple te ly  i o n i z e  and a c c e l e r a t c  t h e  gas. This  suggests  t h a t  t h e  

f l o w  wa5 l a r g e l y  governed by a s t e a d y - s t a t e  ba l ance  between t h e  power i n p u t  

and t h e  v a r i o u s  energy l o s s e s  from t h e  system. 

shown t h a t  t h e r e  was i n s u f f i c i e n t  t i m e  d u r i n g  t h e  cxpe r inen t  f o r  d i f f u s i o n  

p r o c e s s e s  t o  r e l a x  t o  a s t e a d y - s t a t e ,  bu t  that: t h i s  has  on ly  a weak e f f e c t  

on t h e  p r e s e n t  r e s u l t s ,  

I n  s e c t i o n  6 i t  w i l l  be 

The e f f e c t s  of v i s c o u s  d rag  a t  t h e  boundnr ies  i n  r o t a t i n g  plasma 

1 2  
exper iments  has  been d i s c u s s e d  by Kunkel et .  a l .  They f i n d  t h a t  i f  t h e r e  

i s  c o n t a c t  between t h e  plasma and the i n s u l a t o r s ,  t h e  c u r r e n t  w i l l  tend t o  

c o n c e n t r a t e  i n  t h i n  boundary l a y e r s  c l o s e  t o  t h e  i n s u l a t o r s ,  however they  do 

0 
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I n o t  i n v e s t i g a t e  t h e  s t r u c t u r e  of t h e s e  l a y e r s ,  I n  t h e  p r e s e n t  work t h e s e  

i d e a s  are combined w i t h  t h o s e  of Dobryshevskii'' concern ing  t h e  d i f f u s i o n  

of charged pa r t i c l e s  along t h e  magnetic f i e l d  t o  t h e  end-walls. The 

r e s u l t i n g  s t eady- s t a t e ' con t inuum theory  i s  used t o  ana lyze  t h e  r o t a t i n g  - 

plasma exper iments  of Fahleson and h i s  co-workers, 
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2. PHYSICAL PIODEL AND BASIC ASSUMPTIONS 

I n  t h e  p r e s e n t  a n a l y s i s  t h e  model i s  t h a t  of a s t e a d y - s t a t e  

r o t a t i n g  Hartmann The bulk of t h e  gas i n c l u d i n g  t h e  n e u t r a l  atoms 

r o t a t e s  a t  a uniform v e l o c i t y  and t h e  c u r r e n t  i s  conf ined  t o  t h i n  bound- 

a r y  l a y e r s  on t h e  end-walls. The a x i a l  magnetic f i e l d  B and t h e  r a d i a l  

e lectr ic  f i e l d  E a r e  c o n s t a n t  throughout t h e  volume. A s  t h e  e l e c t r o n  

Hall parameter  is much g r e a t e r  than  one, t h e  e f f e c t i v e  c o n d u c t i v i t y  

of  t h e  i o n s  is  much g r e a t e r  t h a n  t h a t  of t h e  e l e c t r o n s  i n  t h e  r a d i a l  d i r -  

e c t i o n  and most of t h e  r a d i a l  c u r r e n t  is c a r r i e d  by t h e  ions .  I n  t h e  

absence  of a l a r g e  s l i p  between t h e  e l e c t r o n s  and t h e  atoms, most o f ' t h e  

e l e c t r o n  h e a t i n g  should  be due t o  Coulomb c o l l i s i o n s  w i t h  t h e  i o n s ,  a l though  

t h i s  is not assumed a p r i o r i .  

heavy p a r t i c l e  t empera tu re  rises somewhat above t h e  e l e c t r o n  t empera tu re  

I n  o r d e r  t o  accomplish t h i s  heatinp, t h e  

i n  t h e  c o r e  flow. The e l e c t r o n s  a r e  the rma l ly  i n s u l a t e d  from t h e  end- 

wall  by a shea th ;  t h u s  most of the  energy r e c e i v e d  by t h e  e l e c t r o n s  goes 

i n t o  i o n i z i n g  c o l l i s i o n s  wi th  t h e  atoms. 

As continuum e q u a t i o n s  are used t o  d e s c r i b e  t h e  flow, i t  is  assumed 

t h a t  a l l  iilean f r e e  p a t h s  are small compared t o  t h e  t h i c k n e s s  of t h e  Hartmann 

layer. The t r a n s p o r t  p r o p e r t i e s  a r e  taken  t o  be c o n s t a n t  and are e v a l u a t e d  

using a p p r o p r i a t e  ave rage  v a l u e s  for t h e  e l e c t r o n  d e n s i t y  and t h e  t e m -  

p e r a t u r e ;  

t h a n  t h a t  of t h e  h e a v i e r  p a r t i c l e s ,  t h e  e l e c t r o n  t empera tu re  T 

as c o n s t a n t .  

S ince  t h e  the rma l  c o n d u c t i v i t y  of t h e  e l e c t r o n s  i s  much g r e a t e r  

e is t aken  

The e f f e c t s  of c e n t r i f u g a l  and c o r i o l i s  f o r c e s  are n e g l e c t e d  

as are a11 v a r i a t i o n s  i n  d i r e c t i o n s  p e r p e n d i c u l a r  t o  t h e  magnetic f i e l d .  
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Cond i t ions  under which t h i s  .is p e r m i s s i b l e  are developed i n  Ref . 14. 

The s h e a t h s  on t h e  e l e c t r o d e  s u r f a c e s  are also ignored and q u a s i  charge  

n e u t r a l i t y  i s  assumed t o  ho ld  throughout t h e  volume. I n  t h e  case of 

d ia tomic  g a s e s ,  such  as H '  and N2, i t  is  assumed t h a t  they  a r e  comple te ly  

d i s s o c i a t e d  urider t h e  o p e r a t i n g  c o n d i t i o n s  of t h e  experiments.  S ince  a 

prope r  t r ea tmen t  of l i n e  x a u i a t i o n  is q u i t e  d i f f i c u l t ,  a l l  e f f e c t s  of rad- 

i a t i o n  are neglec ted .  

2 

The n e t  i o n i z a t i o n  ra te  is  t a k e n  a s  t h e  d i f f e r e n c e  

between electron-atom i o n i z a t i o n  and three-body recombination, The 

e f f e c t  of c o l l i s i o n a l  t r a n s i t i o n s  between e x c i t e d  states is inc luded  i n  

t h e  ra te  c o e f f i c i e n t s . .  

3.  SZYGLIFIED ANALYSIS 

According t o  t h e  p h y s i c a l  model of t h e  flow, t h e  r a t e  a t  which 

ene rgy  is  l o s t  from t h e  s y s t e m  is  dependent on t h e  s t r u c t u r e  of t h e  

boundary l a y e r s  on t h e  end-walls. 

and e l e c t r o n  nurnber d e n s i t y  cor responding  t o  t h e  model a r e  ske tched  i n  

Fig.  2. 

rent  i n  t h e  co re ,  I n  t h i s  s e c t i o n  e lementary  arguments based on chese 

P r o f i l e s  of v e l o c i t y ,  gas t empera ture ,  

The c o r e  v e l o c i t y  vc  i s  set  e q u a l  t o  E / B  as  t h e r e  i s  no cur- 

p r o f i l e s  are used t o  deve lop  a s i m p l i f i e d  e x p l a n a t i o n  of t h e  exper imenta l  

o b s e r v a t i o n s .  

In t h e  Hartmann boundary layer t h e  wal l  s h e a r  stress is  balanced by 

t h e  i n t e g r a t e d  magnetic f o r c e ,  I 

or 

where p is  t h e  v i s c o s i t y  and ulthe e f f e c t i v e  e l ec t r i ca l  c o n d u c i i v i t y  . 

h .  

i 
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i n  a d i r e c t i o n  pe rpend icu la r  t o  the  magnetic f r e l d .  

The thermal  boundary l a y e r  t h i c k n e s s  6 i s  determined by t h e  behaviour e 
of t h e  v i s c o u s  and ohmic h e a t i n g  of t h e  gas.  

and t h e  c u r r e n t  decay from a maximum a t  t h e  wall i n  t h e  Hartmann t h i c k n e s s  

The v e l o c i t y  g r a d i e n t  

6 S ince  t h e  v i s c o u s  and ohmic hea t ing  are p r o p o r t i o n a l  t o  t h e  square rn 

of these two q u a n t i t i e s  r e s p e c t i v e l y ,  t h e  h e a t i n g  e f f e c t s  decay i n  h a l f  , 

t h e  Hartmann th ickness ,6 t .z l /26 , .  The t o t a l  energy i n p u t  t o  t h e  f low 

is e q u a l  t o  t h e  i n t e g r a t e d  v i s c o u s  and ohmic hea t ing .  T h i s  i s  i n  t u r n  

b a l m c e d  by t h e  h e a t  conducted t o  t h e  w a l l  and t h e  i o n i z a t i o n  energy 

c a r r i e d  t o  t h e ' w a l l  by -the d i f f u s i n g  e l e c t r o n - i o n  pairs,  

where K h  is t h e  thermal  c o n d u c t i v i t y  of t h e  heavy p a r t i c l e s  E 

i o n i z a t i o n  p o t e n t i a l ,  and Da t h e  ambipolar d i f f u s i o n  c o e f f i c i e n t .  

t h e  ' i  

A s  i n d i c a t e d  by t h e  tempera ture  p r o f i l e  (Fig. 2b),  a small amount 

of heat i s  conducted toward t h e  core .  T h i s  i s  balanced by t h e  i n t e g r a t e d  

energy  t r a n s f e r  t o  thc e l e c t r o n s ,  

h a  e 
K (T - Te)/6 e % 3(me/ma) uenz'k(Ta - T ) A e ,  

e where u i s  the t o t a l  c o l l i s i o n  frequency f o r  e l e c t r o n s  w i t h  i o n s  and 

atoms, me/m" is  t h e  electron-atom mass r a t i o ,  and k i s  Boltzmann's con- 

stant. The e l e c t r o n  h e a t i n g  is balanced by volume i o n i z a t i o n  and t h e  

subsequent  d i f f u s i o n  of e l e c t r o n - i o n  p a i r s  t o  t h e  wal l ,  

o r  

ti a e '  
K (T - T )/ae 2 E: D ne /6  i a c  a' 

~~x T~ + ( E , D  ne/ch)6 /6 . 
l a c  e a  ( 3 . 4 )  
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Conlbining E q s .  (3.2) arid ( 3 , 4 )  g i v e s  

(3.5) 
1 / 2 ( E / B ) 2 =  (K h /plye 3- (ciDanz/u)(6e + 

T h i s  equa t ion  w i l l  b e  used t o  show t h e  dependence of E / B  on t h e  deg ree  

of i o n i z a t i o n  a , and hence on t h e  c u r r e n t  th rough t h e  e l e c t r i c a l  

conduc t i v  i t y a&. 

I n  t h e  d i f f u s i o n  boundary layer (Fig.  2c) t h e  ambipolar. d i f f u s i o n  of 

e l e c t r o n - i o n  p a i r s  t o  t h e . w a l 1  is balanced by t h e  i n t e g r a t e d  volume 

i o n i z a t i o n ,  

or ( 3 . 6 )  

where v 

layer .  

where t h e  e l e c t r o n  d e n s i t y  is  small. 

is t h e  i o n i z a t i o n  frequency p e r  e l e c t r o n  i n  t h e  d i f f u s i o n  boundary i 

Volume recombina t ion  is assumed t o  be n e g l i g i b l e  nea r  t h e  w a l l  

For low v a l u e s  of a, t h e  d i f f u s i o n  t h i c k n e s s  6 is  l i m i t e d  by  t h e  a 

end-wall ha l f - spac ing  d ,  and volume recombination i s  neg3iSFble cvery- 

where. 

e 0 T and t h e  i n i t i a l  p r e s s u r e  p , but n o t  of a . Thus, t h e  r e l a t i o n  6 = d 

deter rn incs  Teindependent of C. 

a and t h e  second term on the r i g h t  i s  small f o r  low a, The r fo re ,  E / B  

is  iodepclident of a.  The curref i t ,  however, is a n  i n c r e a s i n g  f u n c t i o n  

The q u a n t i t y  wi/Da i s  a func t ion  of t h e  e l e c t r o n  tempera ture  

a 
h I n  Eq. (3.5) K /p is independent ’of  

of a . th rough ol. Hence, a t  l o w  a ,  E/B i s  independent of c u r r e n t  i n  

agreement w i t h  t h e  expe r imen ta l  obse rva t ions .  

A t  h i g h e r  v a l u e s  of a ,  i o n i z a t i o n  and recombination are i n  e q u i l i -  

brium i n  t h e  core.  

th rough t h e  Saha equat ion .  Since u i n c r e a s e s  e x p o n e n t i a l l y  wi th  T , 
T h i s  determines Teas a n  i n c r e a s i n g  f u n c t i o n  of a 

e 
i 
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- 6 becomes ve ry  small as a . i n c r e a s e s .  Thus i n  Eq.  (3.5) t h e  second 
a 

tern r a p i d l y  ove r t akes  t h e  f i r s t ,  and E/B  e x h i b i t s  a s t r o n g  i n c r e a s e  w i t h  

c u r r e n t ,  a g a i n  i n  agreement wi th  t h e  obse rva t ions .  

4 , GENERAL FORMJLATION 

Since  t h e  c e n t r i f u g a l  and C o r i o l i s  f o r c e s  are neg lec t ed ,  t h e  

annu la r  space  can be rep laced  by an i n f i n i t e  s t r a i g h t  channel  w i th  a 

r e c t a n g u l a r  c ros s - sec t ion .  Ca r t e s i an  co-ord ina tes  a re  in t roduced  wi th  t h e  

main f low i n  t h e  x d i r e c t i o n ,  t h e  e lec t r ic  f i e l d  E i n  t h e  y d i r e c t i o n  

and t h e  magnetic f i e l d  B i n  t h e  z d i r e c t i o n .  

t h a t  a l l  v a r i a t i o n s  are i n  t h e  z d i r e c t i o n .  

F i n a l l y ,  i t  i s  assumed 

The governing equa t ions ,  i n  t h e  form used h e r e  are taken  from 

Ref. 15. They have been modified i n  Ref .  1 4  t o  i n c l u d e  t h e  e f f e c t s  of 

a magnet ic  f i e l d  and volume i o n i z a t i o n .  

nor  f low i n  t h e  z d i r e c t i o n ,  -these equa t ions  are: 

With n e i t h e r '  pressure g r a d i e n t  

E l e c t r o n  Con t inu i ty  ( d  c e / d z )  = s , ( 4 . 4 )  

E l e c t r o n  Energy ( d Q e / d r )  : - E * *  re  -.) s I 

- - a  

+ 3 ( m e / m Q )  v e o e k ( r c r -  re).  ( 4 . 5 )  

Iiere Q is t h e  t o t a l  hea t  f l u x ,  
Q = Q h +  Q e ,  Q h  A 2 - K h ( d ~  "/a=>, 



-11- 

Q e Qe= - x e ( J  T e / d z )  f s h  T " / l  

a long  t h e  magnet ic  f i e l d .  The p r e s s u r e  g r a d i e n t  P b a l a n c e s  t h e  c r o s s  f l o w  

due  t o  t h e  Ea11 e f f e c t  so t h a t  t h e r e  i s  no n e t  mass f low i n  t h e  y direction: 

and t h e  e l e c t r o n  c u r r e n t  d e n s i t y  2 

Y 

d ld p v y  dz = o .  (4.6) - 
fc 

The e f f e c t i v e  electric f i e l d  E and t h e  c u r r e n t  2 p e r p e n d i c u l a r  to 

t h e  magnet ic  f i e l d  are g iven  by 

(4.7) 

r" J =  ~r,g"+ C T ~ B X E *  N J  ' (4.8) 

(4.9) 

€ * = E  +. v X B ,  
n* - r r r  

A 

e - re= - (o; : R ;%)E*- (F2 + Q ; ~ )  6 
M E* 

3 
where 0; = CT ( /  f. n'n') 3 cr, = O R e  

( I  4- -t. ( r Z V  (1 4 n'n'l" + ( n e ) <  
e i Q and Q are  t h e  e l e c t r o n  and i o n  Hall  p a r m e t e r s ,  and (3 i s  t h e  e l e c t r o n  

c o n d u c t i v i t y  i n  t h e  absence of a magnetic f i e l d ,  T h i s  form of Ohm's  

law i n c l u d e s  both  t h e  Hall e f f e c t  and i o n  s l i p ,  Along the magnetic f i e l d  

t h e  d i f f u s i o n  c u r r e n t  and *ambipolar f i e l d  are given by 

(4.10) 

The i o n i z a t i o n  s o u r c e  term S i s  taken  as t h e  d i f f e r e n c e  between a n  

e a  e 3  i o n i z a t i o n  rate v.neEk.n n and a recombinat ion ra te  k (n ) The three-body 

recombinat ion c o e f f i c i e n t  of Makin and Keck l6 is used f o r  k . 
i o n i z a t i o n  c o e f f i c i e n t  k i s  r e l a t e d  t o  k through the p r i n c i p l e  of d e t a i l e d  i r 
ba lanc ing .  Thus, k,=k K where K i s  t h e  Saha e q u i l i b r i u m  c o n s t a n t  

e v a l u a t e d  a t  the e l e c t r o n  temperature ,  and the source  term S i s  w r i t t e n  as 

1 1 r 
The r 

17 
1 r e  e 

S = tt, n e [ K e n a  - (4 12) 
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T'ne boundary c o n d i t i o n s  on Eqs. (4.1) t o  (4.5) are t a k e n  as 

z = - + d ;  v I - v y = o ,  r*=7;y=0,  

(d re/dz) = 0, n e,: 0. . (4.13) 

I n  t h e  d i f f u s i o n  c o n t r o l l e d  s h e a t h  i t  i s  assumed t h a t  most of t h e  energy 

conducted i n t o  t h e  s h e a t h  by e l e c t r o n s  goes i n t o  i o n i z i n g  c o l l i s i o n s  and 

a c c e l e r a t i o n  of t h e  i o n s  toward t h e  w a l l .  The re fo re ,  t h e  e l e c t r o n  temp- 

e r a t u r e  g r a d i e n t  approache-s z e r o  a t  t h e  w a l l .  The l a s t  c o n d i t i o n  i s  t h e  

coinrnon d i f f u s i o n  approximation, v a l i d  f o r  sma l l  mean f r e e  p a t h s ,  t h a t  t h e  

e l e c t r o n  d e n s i t y  approaches z e r o  a t  a n  abso rb ing  w a l l .  

A t  c o n s t a n t  volume t h e  pressure p i s  r e l a t e d  t o  t h e  i n i t i a l  p r e s s u r e  

PO by 

where n 0 = po/kTo. (4.14) 

In a d d i t i o n  i t  i s  convenient  t o  i n t r o d u c e ' t h e  c u r r e n t  p e r  u n i t  l e n g t h  

of channel  I d 
I = ' Ld J, d.z . 

(4.15) 

T h e  fo rmula t ion  of t h e  problem is  completed by t h e  i n t r o d u c t i o n  of 

0 a 
i' d i n e n s i o n l c s s  v a r i a b l e s  wi th  d ,  n , E m as b a s i c  parameters: 

a 1/2 
U .  is  t h e  " i o n i z a t i o n  v e l o c i t y " ,  ( 2 ~ ~ / r n  ) 

made d imens ion le s s  by nearis of the same b a s i c  parameters.  The on ly  change 

, The t r a n s p o r t  p r o p e r t i e s  are 
1 

i n  E q s .  (4.1) t o  (4.15) is t h a t  t h e  d imcns iona l  c o n s t a n t s  are abso rbed . '  

Kence, these e q u a t i o n s  need n o t  b e  reproduced, and wi thout  l o s s  of c l a r i t y  
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t h e  b a r s  w i l l  be dropped and a l l .  v a r i a b l e s  w i i l  be  understood t o  be  

d imens ion le s s .  

5 . CONSTANT TRAKSPOKT PROPERTY SOLUTION 

The problem as formulated i n  the preceding  s e c t i o n  i s  s t i l l  q u i t e  

formidable .  I f  t h e  t r a n s p o r t  p r o p e r t i e s  are t aken  as c o n s t a n t ,  however, 

i t  is p o s s i b l e  t o  reduce  t h e  probiem to quadra tu res .  The r e s u l t i n g  

a l g e b r a i c  e q u a t i o n s  can be r e a d i l y  so lved  numer ica l ly .  

on t h e  e l e c t r o n  d e n s i t y  is dropped, n sn. 

The s u p e r s c r i p t  e 

e 

A. Dif fus ion  Equation 

a e  Assume T s T  =cons tan t .  Then t h e  t o t a l  d e n s i t y  n t  i s  a c o n s t a n t  and 

Eq. ( 4 . 1 4 ) ,  wi th  n an even func t ion  of z ,  g i v e s  

n Q = n t -  2 n  n t =  I +- L ' n d r .  (5.1) 

Combining E q s .  ( 4 . 4 ) ,  (4.10), ( 4 , 1 2 ) ,  (5.1) and i n t r o d u c i n g  t h e  a p p r o p r i a t e  

boundary condi t . ions  from ( 4 . 1 3 )  g i v e s  t h e  d i f f u s i o n  equa t ion  f o r  n 

n" + A n ( n f -  2 n )  -,53n3 = 0 ,  

n'co = n ( i )  = Q , (5.2) 

a e 
with = k /U arid 

I n s t e a d  of T , t h e  c e n t r a l  degree of i o n i z a t i o n  n z n ( 0 )  i s  s p e c i f i e d .  

The s o l u t i o n  o f  (5.2) then  de termines  T as a f u n c t i o n  of n . 

=BK,. The paranieters X arid f3 a r e  f u n c t i o n s  of T . r 
e 

0 

C 

0 

The two l i m i t i n g  t y p e s  of dependence on n can be ob ta ined  d i r e c t l y  
0 

f rom (5 .2) .  

ntr 4- A n  = 0 and X = TT / 4 .  

As n -t 0, t h e  equa t ion  r educes  t o  t h e  homogeneous form 

2 Xn t h i s  limit Te i s  independent of n 

0 

A i  
0 
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l a r g e r  v a l u e s  of n a d i f f e r e n t  type  of dependence is ob ta ined .  A 
0' 

necessa ry  c o n d i t i o n  f o r  t h e  e x i s t e n c e  of a s o l u t i o n  t o  Eq. (5 .2)  i s  

Ke (n -2no) -n )O. 

K de te rmines  a lower bound f o r  T t h a t  i n c r e a s e s  wi thout  l i i n i t  as n +l. 

t 2 The i n e q u a l i t y  t o g e t h e r  w i th  t h e  d e f i n i t i o n  of 
0 

e 
e 0 

The s o l u t i o n  t o  Eq.  (5.2) i s  

t The c o n d i t i o n  ~ ( 0 )  = n 

de te rmines  T as a f u n c t i o n  of n . 
i n  (5.3), t o g e t h e r  w i t h  t h e  d e f i n i t i o n  of n , 

0 

e 
0 

R. Nomenturn Equat ions  

Equat ions  (4.1) and (4 .2 )  with (4.7) and (4 .0)  g i v e  

/cI V x  - L3'(qVX - GVY)  + 0; E 0 = 0, 
I l  . 

f t  

p vy - 8'(% vx + 0; 5) -t o-, E l 3  - Pr = 0. - ( 5 . 4 )  

The s o l u t i o n  of t h e s e  e q u a t i o n s  with v and v even f u n c t i o n s  of z i s  
X Y 

w i t h  

b = a ( Z / ] ' '  ~ l/b E / B ,  and O; C3 = ~a C 4 .  

Eq. (4.6) w i t h  p t aken  t o  The boundary c o n d i t i o n s  v (1) 

be  c o n s t a n t ,  and t h e  c o n d i t i o n  B C = u C de te rmine  t h e  f o u r  C's. 
= vY(l) * O 9  X 

1 3  2 4 

For cosh  11>,1  t h e  s o l u t i o n  (5.5) has  a boundary layer brhaviour .  . 

The t h i c k n e s s  of t h e  l a y e r  i s  of o r d e r  hi-'; hence M can be cons idered  
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an  e f f e c t i v e  Hartmaim number. 

w i t h i n  t h e  boundary l a y e r ,  t h e  t r a n s p o r t  p r o p e r t i e s  w i l l  be eva lua ted  

A s  t h e  t r a n s p o r t  e f f e c t s  are on ly  impor tan t  

u s i n g  t h e  ave rage  v a l u e  of t h e  e l e c t r o n  d e n s i t y  a c r o s s  t h e  boundary l a y e r .  

C. Heavy P a r t i c l e  Energy Equation 

S u b t r a c t i n g  Eq. (4 .5)  froin ( 4 . 3 )  g i v e s  t h e  heavy p a r t i c l e  energy  

( 5 . 6 )  

a e  I n t r o d u c e  6= T -T . E q .  (5.6) and t h e  a s s o c i a t e d  boundary c o n d i t i o n s  (4.13), 

f o r  8 even i n  z ,  are w r i t t e n  

w i t h  

h(z) is  independent of E. 

2 2 h  I n  g e n e r a l  L 8 i s  comparable t o  (E / K  ) h  only  o u t s i d e  t h e  boundary 

2 2 h  l a y e r  where h ( z )  is r e l a t i v e l y  small. 

and t h e  dependence of L on z i s  unimpor tsn t ,  Hence L is  t aken  t o  be 

I n s i d e  t h e  boundary l a y e r  L B e ( E  / K  )h  

2 

c o n s t a n t  and e q u a l  t o  i t s  average v a l u e  L o u t s i d e  t h e  boundary l a y e r ,  a 

T h e  s o l u t i o n  t o  Eq,  (5.7) can now be w r i t t e n  as  
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w i t h  

D. E l ec t ron  Energy Equation 

S ince  t h e  e l e c t r o n  temperature i s  determined by t h e  s o l u t i o n  of 

the d i f f u s i o n  equa t ion ,  .the e l e c t r o n  energy equa t ion  can be used t o  o b t a i n  

an e x p r e s s i o n  f o r  t h e  e l e c t r i c  f i e l d  E. I n t e g r a t i o n  of Eq. (4.5) w i t h  . 

(4.4) from 0 t o  1 and a p p l i c a t i o n  of t h e  boundary c o n d i t i o n s  (4 .13 )  g i v e s  

From E q s .  (4 .7) ,  (4.-9) t o  (4.11) 

(5'. 11) 

* 2  * 2  1 2  -1 . w i t h  F ( z )  = E-2(ol-Qi~2) [(Ex + (E ) ] and G ( c )  = (n ) Won> . 
Y 

F and CI are independent of E. The second i n t e g r a l  i n  Eq, (5.11) d i v e r g e s  

a t  i t s  upper l i m i t  as n(1)  = 0.  The i n t e g r a t i o n  i s  c u t  o f f  a t  a p o i n t  

z e n e a r  1, where rz has  reaclied i t s  f i n a l  v a l u e  and t h e  e l e c t r o n  d r i f t  
s' 

v e l o c i t y  e q u a l s  i t s  random v e l o c i t y .  I n  d imens ion le s s  form 

F i n a l l y ,  Eq. (5.10) wi th  (5.9) and (5.11) g i v e s  

(5.13) 
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e The d i f f u s i o n  c u r r e n t  t o  t h e  w a l l  I' 

s o l u t i o n  t o  Eq. (5.2). 

(1) i s  of c o u r s e  known from t h e  z 

Once E has  been determined from Eq. (5.13), t h e  c u r r e n t  p e r  u n i t '  

l e n g t h  of channel  I can be eva lua ted  from Eqs .  (4.15), (4.8) '  (4.7),  

and (5.5). 

6 .  DISCUSSION OF KUMEKICAL RESULTS 

The numerical  c a l c u l a t i o n s  proceed i n  a s t r a i g h t f o r w a r d  manner from 

t h e  e q u a t i o n s  of t h e  p rev ious  s e c t i o n .  For f i x e d  v a l u e s  of i n i t i a l  

p r e s s u r e  p , hal f - spac ing  d ,  and magnetic f i e l d  B, one chooses a v a l u e  

f o r  t h e  c e n t r a l . d e g r e e  of i o n i z a t i o n  n and s o l v e s  i t e r a t i v e l y  f o r  t h e  

e l e c t r o n  tempera ture  T . Eext t h e  t r a n s p o r t  p r o p e r t i e s  are eva lua ted  

0 

0 

e 

u s i n g  ave rage  v a l u e s  f o r  t h e  e l e c t r o n  d e n s i t y  n and t h e  gas  tempera ture-  

Ta. The s i m p l e  approximat ions  

' .  / 

were used i n  t h i s  e v a l u a t i o n .  F i n a l l y ,  t h e  electric f i e l d  E 

and t h e  c u r r e n t  p e r  u n i t  l e n g t h  I are  obta ined  from E q s .  (5.13) and (4.15). 

By v a r y i n g  n a n  e n t i r e  v o l t a g e  VS. c u r r e n t  cu rve  can  be c a l c u l a t e d .  
0 

Such a cu rve  of about  twen ty 'po in t s ,  t o g e t h e r  w i t h  p r o f i l e s  of n, v v 
x' Y, 

a and T f o r  each v a l u e  of 11 requi redabout  h a l f  a minute of conpu ta t ion  t i m e  

on a n  I B M  7090computer. 

0' 

-- 
I n  F i g ,  3 t h e  d imens ion le s s  v e l o c i t y  E/I3 i s  p l o t t e d  VS. d imens ion le s s  

c u r r e n t  pe r  u n i t  l e n g t h  

co r re spond ing  t o  t h e  exper iments ,  

f o r  t h r e e  d i f f e r e n t  g a s e s  and f o r  c o n d i t i o n s  

I n  each c u r v e  t h e r e  is  a r e l a t i v e l y  
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c o n s t a n t  v e l o c i t y  s e c t i o n  a t  low c u r r e n t  followed by a r a p i d l y  i n c r e a s i n g  

p o r t i o n  a t  h ighe r  c u r r e n t s .  

v e l o c i t y " ,  ( 2 ~ ~ / r n ~ ) ' / * ,  t h e  minimum v a l u e s  i n  t h e s e  c u r v e s  are g e n e r a l l y  

-- 
Since  E / B  i s  i n  u n i t s  of t h e  " i o n i z a t i o n  

smaller t h a n  t h i s  v e l o c i t y  by a f a c t o r  of about two. As t h e r e  is 

c o n s i d e r a b l e  v a r i a t i o n  i n  p h y s i c a l  p r o p e r t i e s  between H2, N 

c l o s e  resemblance of t h e  t h r e e  curves  is q u i t e  remarkable. 

noted t h a t  d i a tomic  g a s e s  are assumed t o  be comple te ly  d i s s o c i a t e d  s o  t h a t  

a n  i n i t i a l  p r e s s u r e  of 30pBg. f o r  H o r  N cor responds  t o  a p r e s s u r e  of 

60uHg. f o r  t h e  monatomic gas .  

and X e  t h e  

It should b e  

2 

2 2 

A l l  of t h e  main f e a t u r e s  of t h e s e  c u r v e s  are 

p r e d i c t e d  by t h e  s i m p l i f i e d  theory  of s e c t i o n  3. 

The t h e o r y  i s  compared w i t h  t h e  exper imenta l  results"' i n  F igs .  4 

t o  6 .  I n  t h e s e  exper iments  t h e  magnetic f i e l d  dec reased  from a v a l u e  

B a t  t h e  i n n e r  e l e c t r o d e ,  r a d i u s  3.5 cm., t o  1 / 2  B a t  t h e  o u t e r  e l e c t r o d e ,  

r a d i u s  19.5 cm, 

U 

r e s p e c t i v e l y .  

0 0 

0 
I n  t h e  cor responding  c a l c u l a t i o n s ,  ave rage  v a l u e s  of 3 / 4  

and 11.5 cm. were used f o r  t h e  magnetic f i e l d  B and t h e  averaqe  r a d i u s  
0 

The l a t t e r  q u a n t i t y  i s  needed t o  o b t a i n  t h e  t o t a l  c u r r e n t  

from t h e  c u r r e n t  p e r  u n i t  l e n g t h  of channel  I. 

A p a r t  from t h e  f a c t o r  of two d i sc repancy  i n  t h e  minimum v o l t a g e ,  t h e  

agreement between t h e o r y  and experiment i n  F ig ,  4 is  f a i r l y  good; Th'e 

l e v e l  p o r t i o n  of t h e  cu rve  i s  c o n s i s t e n t  w i th  t h e  d a t a ,  and a l though  

t h e  s t e e p  p o r t i o n  of t h e  cu rve  rises t o o  r a p i d l y  t h e  t r a n s i t i o n  between 

t h e . t w o  segments o c c u r s  a t  about t h e  r i g h t  c u r r e n t .  I n  Pig.  5 t h e  weak 

l o g a r i t h m i c  dependence of t h e  minimum v o l t a g e  on t h e  i n i t i a l  p r e s s u r e  p 
0 

agrees r a t h e r  w e l l  w i t h  the experiment. I n  p a r t i c u l a r  t h e  s l o p e  of t h i s  

c u r v e  is  i n  b e t t e r  agreement with t h e  d a t a  than  t h a t  r e p o r t e d  i n  Ref. 11. 

The l i n e a r  dependence of t h e  mininum v o l t a g e  on t h e  magnetic f i e l d  B 

(Fig. 6) is  not: rerilarkablc and h a s  been found i n  p rev ious  a n a l y s e s  . 
0 

8-11 
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A t  low c u r r e n t s  t h e  d i f f u s i o n  p r o c e s s e s  w i l l  r e l a x  t o  a s t e a d y  s t a t e  

I n  Fahleson ' s  exper iments  t h i s  t i m e  was a f a c t o r  of t e n  2 i n  a t i m e  d /D , 

g r e a t e r  t h a n  t h e  exper imenta l  t i m e  of 50 t o  100 u sec. Th i s  r e l a x a t i o n  

a 

t i m e  can  be cons ide red  as t h e  t i n e  i t  t a k e s  f o r  t h e  d i f f u s i c n  layers  a t  t h e  

end-walls t o  grow u i l t i l  they  m e e t  a t .  t h e  c e n t e r  of t h e  plasma. For s h o r t e r  

times t h e  p lasma should behave much l i k e  a t h i n n e r  s l a b  of plasma i n  a 

s t e a d y  s ta te .  I n  Fig.. 7 t h e  minimum v o l t a g e  is  p l o t t e d  VS. t h e  end-wall 

ha l f - spac ing  d.  It i s  seen  t h a t  a d c c r e a s e  i n  d by a f a c t o r  of t e n ,  which 

would make t h e  s t e a d y - s t a t e  theory fo rma l ly  a p p l i c a b l e ,  produces l i t t l e  

change i n  t h e  r e s u l t s . -  Thus i n  t h i s  r e s p e c t  t h e  p r e s e n t  theory  should be 

v a l i d  f o r  t h e  expe r imen ta l  c o n d i t i o n s .  

The numer ica l  r e s u l t s  r epor t ed  h e r e  are  n o t  s t r i c t l y  a p p l i c a b l e  t o  

1,2 
t h e  a c t u a l  expe r imen ta l  geometry . I n  Ref, 14  i t  i s  shown t h a t  t h e  

c e n t r i f u g a l  and C o r i o l i s  f o r c e s  a r e  n e g l i g i b l e . i f  t h e  magnetic i n t e r a c t i o n  

l e n g t h  pvc/u  B2 i s  sinall compared t o  t h e  r a d i u s  r. These l e n g t h s ,  however, A0 

are of t h e  same o r d e r  of  magnitude f o r  most of t h e  e x p e r i n c n t a l  range. 

The c o r r e c t i o n  t o  t h e  v o l t a g e  drop due t o  t h e  p re sence  of e l e c t r o d e  boundary 

l a y e r s  i s  a l s o  developed i n  Ref. 14 f o r  large v a l u e s  of t h e  Hartmann 

number ti, S ince  M i s  g e n e r a l l y  about 1 0  a t  t h e  v o l t a g e  minimurn, t h i s  

c o r r e c t i o n ,  which v a r i e s  as d 11-+1-1/2 where II is  t h e  e l e c t r o d e  ha l f - spac ing ,  

is  n o t  n e g l i g i b l e ,  be ing  about a 30% c o r r e c t i o n .  

T h e  c o l l i s i o n  c ros s - sec t ions  used i n  t h e s e  c a l c u l a t i o n s ,  t o g e t h e r  

w i t h  t h e i r  s o u r c e s ,  are  g iven  i n  Ref . 14. 
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7. COXCLUSIONS 

T h e  p r c s c n t  theory  can  be considered s u c c e s s f u l  t o  t h e  e x t e n t  t h a t  

i t  p r e d i c t s  t h e  g e n e r a l  form of t h e  exper imenta l  o b s e r v a t i o n s  over  a 

wide range of condit . ions.  . T h e  shape .of t h e  v o l t a g e  VS, c u r r e n t  curve  

and the weak l o g a r i t h m i c  dependence of t h c  minimum v o l t a g e  on t h e  i n i t i a l  

p r e s s u r e  a r e  reproduced p a r t i c u l a r l y  well, 

v a r i a t i o n  i n  t h e  r e s u l t s  h a s  Seen d e n o n s t r a t e d  f o r  t h r e e  w i d e l y  d i s s i m i l a r  

In  a d d i t i o n  the lack of 

!:rises, T h e  bas ic  i n g r e d i c n t s  o f  t h e  t h e o r y  are t h e  enerey  ba lance  i n  

a l lar tmnnn boundary layer  and t h e  r e l a t i o n  between t h e  e l e c t r o n  tempera- 

t u r e  and t h e  deg ree  of i o n i z a t i o n  in a g a s  d i s c h a r g e .  These two e lements  

are connected by the'  energy exchange between heavy p a r t i c l e s  and e l e c t r o n s  

due  t o  c l a s t i c  c o l l i s i o n s .  

T h e  most impar tan t  f a i l u r e  of tile theory  i s  t h e  f a c t o r  of two d i s -  

c repancy  i n  t h e  voltage. A number of f a c t o r s  might account € o r  a 

p o r t i o n  of, t h i s  d i f f e r e n c e .  

was nonuniform. 

The magnetic f i e l d  i n  Fahleson ' s  experlcients  

I t  decreased by a f a c t o r  of two from t h e  i n n c r  t o  t h e  

o u t e r  r a d i u s  m d  it hnd a 1 , 2  t o  1. m i r r o r  r a t i o  alonr: t h e  a x i s I  This  

n o n u n i i o r n i t y  was riot considered '  i n  t h e  t h e o r y ,  T h e  c e n t r i f u g a l  and 

C o r i o l i s  f o r c e s ,  which were n o t  accounted f o r  i n  t h e  theory ,  tu rned  o u t  t o  

8 
D e  non-negl i f : ib lc .  Finally, t h e r e  are t h e  e f f e c t s  of x a d i z t i o n .  L i n  

inc ludcd  the loss of energy by  r a d i a t i o n  i n  h i s  a n a l y s i s .  'fie found t h a t  

v a r y i n g  t h e  f r a c t i o n  of the l i n e  r a d i a t i o n  t h a t  WHS allowed t o  escape  d i d  

n o t  c1i;inge t h e  shape of t h e  v o l t a g e  v s ,  c u r r e n t  C U X V C ,  bu t  t h a t  t h e  v o l t a y e  

w a s  nore t!ian 50X h i g h e r  in the o p t i c a l l y  t h i n  c a s e  than  ii1 t h e  o p l i c a l l y  

Lhick case. I n  a d d i t i o n  the r a d i a t i o n  can change t h e  p o p u l a t i o n  of t h e  e x c i t e d  

s ta tes  i n  t h e  n e u t r a l  atom w!iich will i n  t u r n  chacgct the i o n i z a t i o n  and 
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recombinat ion c o e f f i c i e n t s .  

t h e s e  mechanisms were t o  b r i n g  t h e  p r e s e n t  t h e o r y  i n t o  b e t t e r  agreement 

w i t h  the exper imenta l  o b s e r v a t i o n s ,  then the " i o n i z a t i o n  v e l o c i t y "  would  

In any case i f  c o n s i d e r a t i o n  of one o r  more of 
0 

have t o  be  regarded as a coincidence r a t h e r  t h a n  a m a n i f e s t a t i o n  of some 

b a s i c  p h y s i c a l  p r o c e s s ,  . 

t 
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CAPTIONS FOR FIGURES 

Fig.  1 I n i t i a l  p r e s s u r e  times mean f r e e  p a t h  VS. deg ree  of i o n i z a t i o n  

f o r  atoms i n  d i s s o c i a t e d  H and 11 a - i  and a-a r e l a t i v e  v e l o c i t i e s  e q u a l  2 2' 
i o n i z a t i o n  v e l o c i t y "  . I t  

Fig.  2 P r o f i l e s  cor responding  t o  p h y s i c a l  model: (a) v e l o c i t y ,  

(b) gas t empera ture ,  ( c )  electron number d e n s i t y .  

Fig.  3 Dimensionless v e l o c i t y - v s .  c u r r e n t  i n  H 2 ,  N 2 ,  and Xe f o r  . 
B = 4500 C., d = 9 cm. . 

0 
Fig. 4 Voltage vs. c u r r e n t  i n  II and N f o r  p = 30 sr HE., 

Theory -; experiment +, o r  
2 2 

= 6000 G,, d = 9 c m ,  0 * O  

F i g .  5 Mninum v o l t a g e  vs.  i n i t i a l  p r e s s u r e  i n  11 for R = 5000 G,, 2 0 

d = 9 cm.  Theory e, experiment 0 .  

Fig. 6 f - I i n i m u m  voltage vs ,  magnetic f i e l d  i n  I1 f o r  d = 9 cm. 2 
0 0 

Theory -t# p = 50 pIIg , ;  experiment x, p = 10 - 150 pHg. 

Fig ,  7 Piinin:urn v o l t a g e  vs. end-wall ha l f - spac ing  in II 2 for 

= 5000 G. Theory -+. p = 50  pHp,., Bo 
0 
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